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Abstract 

We discuss algebraic properties for the symbols of geometric first 
order differential operators on almost Hermitian manifolds and Kahler 
manifolds. Through study on the universal enveloping algebra and 
higher Casimir elements, we know algebraic relations for the symbols 
like the Clifford algebra. From the relations, we have all the Bochner 
identities for the operators. As applications, we have vanishing theo- 
rems, the Bochner- Weitzenbock formula, and eigenvalue estimates for 
the operators on Kahler manifolds. 
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1 Introduction 

In Riemannian and spin geometry, geometric first order differential operators 
defined from the Riemannian metric g (and spin structure) are important 
to research the structure of underlying manifold. The Dirac operator, the 
twistor operator, the exterior derivative, the interior derivative, and the con- 
formal Killing operator are basic examples of geometric first order differential 
operators. These operators are known as conformally covariant first order 
differential operators, that is, under conformal deformation of the Rieman- 
nian metric, g i— > g' = e 2(T ( x ^g, these operators are covariant. For example, 
the Dirac operator D changes as 

, / n— 1 i \ _ n — 1 _ 

D' = e ( -—- 1)a De— a . 

Here, the constant ! ^ on this equation is called the conformal weight, which 
depends on the highest weight of representation of Spin(n). From the work 



of H. D. Fegan in |F|, all the conformally covariant first order differential 
operators are realized as components of the covariant derivative V on associ- 
ated vector bundles as follows. Let M be a Riemannian manifold and SO(M) 
be the orthonormal frame bundle of M. The Levi-Civita connection induces 
the covariant derivative V on the associated bundle S p := SO(M) x p V p , 
where (n p , V p ) is an irreducible unitary representation of SO(n) with highest 
weight p. Then we have a first order differential operator defined by 

d{ : r(s p ) ^ r(s p ® t*(m)) ^ r(s A ), (l.i) 

where II A is orthogonal projection onto irreducible component Sa of S p <g) 
T*(M). We call these operators the generalized gradients or the Stein- Weiss 
gradients (cf. [|5Wj| ) . We know that the gradients have conformal covariance, 
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under conformal deformation. The constant m(p, A) is the conformal weight 
depending on highest weights p and A. Similaly, we have first order dif- 
ferential operators on spin manifolds. For example, we consider the spinor 
representation of Spin(n) and have the Dirac operator and the twistor oper- 
ator on the spinor bundle. 

In recent research for the gradients by T. Branson et al., we find out that 
the conformal weights are essential tool to investigate local properties of the 
gradients such as the Bochner identities, vanishing theorem, eigenvalue esti- 
mate, ellipticity, the Kato inequalities etc. (see [Br2], |BH1|| , [BH2| , [|CGH 



|H2| ). In particular, some known results for the Dirac operator and the 
Laplace-Beltrami operator on differential forms can be obtained easily. The 
understanding of the gradients gives some new directions for global analysis 
and harmonic analysis as well as Riemannian and spin geometry, (see Prl|| , 
]Bf3J, |Br§, QBu|, gg, 



In this paper, we change structure group SO(n) or Spin(n) into the uni- 
tary group U(m). It means that we discuss the gradients on almost Hermitian 
manifolds. Let M be an almost Hermitian manifold with real dimension 2m 
and U(M) be the principal bundle of unitary frames of M. Fix a connec- 
tion on U(M), and we have a covariant derivative V on the vector bundle 
S p = U(M) x p V p , where (7r p , V p ) is an irreducible unitary representation of 
U(m). The covariant derivative splits as V = V 1,0 + V ' 1 with respect to 
almost complex structure. We decompose V 1,0 and V 0,1 further and have a 
set of first order differential operators as follows: 

d{, : r(s p ) ^ r(s p ® a^(m)) ^ r(s A o, 
d>„ : r(s p ) ^ r(s p ® a°'\m)) r(SvO- 

We call these operators the Kdhlerian gradients, which are the [/(m)-invariant 
first order differential operators. Here, "?7(m)-invariant" means that, if we 
have a diffeomorphism of M preserving the Hermitian structure and the 
connection, then the operator is invariant. Moreover, we know that these 
operators also have conformal covariance under conformal deformation (see 
theorem |7^5| ) . 

Our aim is to give all the Bochner identities for the Kahlerian gradients 
(cf. |[Br2|| , ||CGH|| , |pd2|| for the Riemannian case). Since the Bochner identities 



follow from local calculus of the operators, we discuss algebraic structure 
of the principal symbols of the operators like the Clifford algebra for the 
Dirac operator. We call the symbols the Clifford homomorphisms, which are 
generalization of the Clifford multiplication on spinor spaces. The method 
to give the Bochner identities is as follows: 
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1. 



We introduce the (1, 0)- and (0, l)-conformal weights, which are Kahlerian 
analogue of the conformal weights in the Riemannian case. 



By using the conformal weights, we relate the Clifford homomorphisms 
to the universal enveloping algebra U(gl(m,C)) = U(u(m) <8> C) (in 
theorem |4.5|) . 



3. Through investigation of U(gl(m,C)), we have algebraic relations for 



the Clifford homomorphisms (in theorem [O] and corollary [O] 



4. We lift the algebraic relations to the Bochner identities for the Kahlerian 
gradients (in theorem |8.5| ). 

We conclude that, in Kahler geometry, the (0, 1) and (1, 0)-conformal weights 
are essential for local calculus of the Kahlerian gradients. Because many 
geometric operators in Kahler and spin Kahler geometry are realized as the 
Kahlerian gradients, our Bochner identities have a lot of applications to such 
geometry. Some vanishing theorems, the Bochner- Weitzenbock formula, and 
estimates of eigenvalues are presented in this paper. We especially study 
about the case of the Dolbeault-Dirac operator and the Dirac operator. 

This paper is organized as follows. In section |2] and |, we prepare the 
representations, enveloping algebra, and (higher) Casimir elements of the uni- 
tary group or its Lie algebra. We introduce the (1, 0)- and (0, l)-conformal 
weights, which appear naturally on spectral resolution of the Casimir ele- 
ments. In section [| and [|, we introduce the notion of the Clifford homo- 
morphisms as principal symbols of the Kahlerian gradients, and investigate 
algebraic structure of the Clifford homomorphisms. In section ^ the spinors 
and the Clifford multiplications are given as an example. In section |7|, we 
define the Kahlerian gradients and show their conformal covariance. In sec- 
tion |8], we gain the Bochner identities for the Kahlerian gradients. In the 
last section, some applications of the Bochner identities are presented. We 
know that many results in Kahler and spin Kahler geometry follows from our 
Bochner identities. 



2 Representations of U(m) 

In this section, we give a short review to representation theory for uni- 
tary groups and their Lie algebras. Let V be a 2m- dimensional real vector 
space with almost complex structure J and inner product g(-, •) such that 
g(Ju, Jv) = g(u, v) for any u, v G V. The complexification V <8> C of V splits 
into the direct sum of the (1, 0)-part V 1 ' and the (0, l)-part V" ' 1 with respect 
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to J. We know that V is isomorphic to V 1 ' as a complex vector space and 
V ' 1 is complex conjugate to V 1 ' , namely, V 1 ' = V ' 1 . These m-dimensional 
complex vector spaces have natural Hermitian inner products as 

(u, v) := g(u, v) for u, v in V 1 ' , 
(u, v) := g(u, v) for u, v in V ' 1 , 

where the inner product g(-, •) on V is extended complex linearly to the com- 
plex inner product on V <E> C. With these Hermitian inner products, we have 
isomorphisms V 1 ' ~ (V ' 1 )* and V ' 1 ~ (V 1,0 )*. Let e 1: Je 1: ■ ■ ■ , e m , Je m be 
an orthonormal basis of V. Then Hermitian bases for V 1 ' and V ' 1 are 

6 fe := ^(e fe - V=lJe k ) G F 1 ' , 
^:=^ + v C T^)GV ' 1 

for = l,---m. To simplify explanations, we set V := M 2m , l^ 1,0 := C m , 
V ' 1 := C m , and choose the standard orthonormal basis of M 2m . 

Let U(m) be the unitary group on C m , and u(m) be its Lie algebra. 
The complexification of u(m) is the complex Lie algebra Ql(m, C) ofmxm 
matrices with real structure Z — > — *Z. For k, I = 1, • • • ,m, we define a 
matrix e^i to be 1 in the (k,l)-th place and elsewhere. Then {eki}i<k,i< m 
constitute a basis of Ql(m, C) and satisfy 

[eij, e fcJ ] = <J,- fc eii - 5/ie fci for any i, j, fc, /. (2.2) 

We choose [) = span R {A/^Tefcfe|l < k < m} as a cartan subalgebra, which 
is a maximal abelian subalgebra of u(m). On a finite-dimensional unitary 
representation (tt,V) of u(m), we can decompose the representation space 
into simultaneous eigenspaces called weight spaces with respect to h. For 
each weight space, we have an m-dimensional vector A = (A 1 , • • • , A m ) such 
that \ k is the eigenvalue of e kk . This A is called the weight of weight space, 
and each component X k is an integer. Now, for an irreducible representation 
(tt, V), we order the weights lexicographically, and get the highest one p. The 
highest weight p satisfies the dominant integral condition, 

p = (p 1 , • • • , p m ) £ Z m and p 1 > ■ ■ ■ > p m - x > p m . (2.3) 

Conversely, for a vector p with dominant integral condition, we have an ir- 
reducible unitary representation of u(m) with highest weight p. Moreover, 
there is one-to-one correspondence between the finite-dimensional represen- 
tations of U(m) and its infinitesimal ones of u(m). So we denote by (ir p , V p ) 
an irreducible unitary representation of U(m) or u(m) with highest weight 

P- 
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Let us see some irreducible [/(m)-modules. When writing weights, we 
denote a string of p fc's for k in Z by fc p . For example, (l p , m _ p ) is the 
weight whose first p components are 1 and others are 0. 

Example 2.1. The natural representation of U(m) on V 1 ' = C m has the 
highest weight (l,0 m _i). The conjugate representation on V ' 1 = C m or 
the contragredient representation (V 1,0 )* ~ V ' 1 has the highest weight 



Example 2.2. The p-th exterior tensor product representation on A P V 1,0 = 
A p C m has the highest weight (l p ,0 m _ p ). Its conjugate representation on 
\pyO,i = \PQm hig^ggt weight (0 m _ p , (— l) p ). The p-th symmetric 

tensor product representation on S p (C m ) has the highest weight (p, m _i). 

Example 2.3. The contragredient representation (m p , Vt p ) of {n pi V p ) has the 
highest weight *p = (— p m , — p m_1 , • • • , — p 1 ). 

3 Casimir elements for U(m) 

The unitary representations of u(m) correspond to the complex represen- 
tations of gl(m, C) and of the universal enveloping algebra U(gl(m, C)). 
So we denote the extension of the representation (ir p , V p ) to g[(m,C) and 
U(gl(m, C)) by the same notation (7r p , Vp). 

The universal enveloping algebra U(gl(m, C)) of gl(m, C) is the quotient 
algebra of the tensor algebra T(gl(m,C)) by the two-sided ideal generated 
by all (X ® y - Y ® X - [X, Y}) for X, Y in gl(m, C). When we define 
U N (gl(m, C)) to be the image of ® r 0^( m ) C), we know that the al- 

gebra U(gl(m, C)) has a filtered algebra structure. If an element z is in 
U q (g[{m, C)), but is not in ?7' 3_1 (0[(m, C)), then the degree of z is said to be 

We shall discuss the center 3 and the (higher) Casimir elements of U(gl(m, C)). 
For every non-negative integer q, we define an element e q kl with degree g by 



(0 m _i,-l). 




for q > 1, 
for q = 0. 



(3.1) 



Lemma 3.1. T/ie elements {e 9 kl \q G Z> , A;, / = 1, • • • , m} satisfy 

[ e iji e kl] = 3jk e il ~ 3il e kji 



(3.2) 
(3.3) 




l<i<m 
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Proof. The second equation is clear. Let us prove the first equation. The 
equation (|3.2|) is trivial for q — 0, 1. For the general case, we consider the 
adjoint representation of $j[(m, C) on U(gl(m, C)) and use the equation 



From (|3.2| ), the trace c q := ^2 k e q kk is a Casimir element with degree q, that 
is, c q is in 3 H U 9 (gl(m, C)). The following fact for c q is well-known (see 0). 

Proposition 3.2 ([0]). Let c q be the Casimir element defined by c q := Ylii<k<m e< kk 
for q in Z>o. On irreducible U(m) -module V p with highest weight p = 
(p 1 , ■ • • ,p m ), the Casimir element c q is constant as follows: 



n p( c g) = ^w-il-h (3-4) 



where 



i=i 



w^:= p { + (m-t), 7 _ i :=TT 1 (3.5) 



for 1 < i < m. 

We call the above constant W-i the (0, l)-conformal weight associated to 

P- 

The Casimir elements with the first few degree have simple descriptions. 

1. The 0-th Casimir element is Co = S kk = m. So we have 7r p (co) = m 
for any p. 

2. The first Casimir element is c\ = J2k e kk- So we have 7T p (ci) = J2iP l - 

3. The second Casimir element is the usual Casimir element ci = J2ki e ki^ik- 
Then we show that 

7Tp(c 2 ) = y^7r p (e fc ;)7r p (e; fc ) = ^p*(p l +m - 2i + 1). (3.6) 

k,l i 

We shall introduce new Casimir elements. The Lie algebra Qi(m, C) has 
the involution 

gl(m, C) 9 Z i-y Z := - l Z e gl(m, C) 
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such that [Z, W] = [Z, W}. This involution naturally extends to an algebraic 
automorphism of {7(fl[(m, C)), 

U q (gl(mX)) 3u = Z x -"Z q 

^ Co = (-l) q %■■■ l Z q e U q (gi(m, C)). (3.7) 

We remark that this involution preserves the center 3, namely, 3 = 3- So c q 
is also a Casimir element. To investigate such Casimir elements, we consider 



~q q 

e kl '■— e kh 



l) q e nfc e i2Jl ---Q Vl e C/%[(m,C)). (3.8) 



-hi ~~ 

Kii,'" ,iq— \<m 



The involutions of (|3.2|) and ( |3.3|) lead us to the next lemma. 
Lemma 3.3. The elements {e q kl \q £ Z> , k, I — 1, • • • , m} satisfy 

hj^U = 6 iizli- 6 ike q j n (3-9) 

E^ = ^ 9 - ( 3 - 10 ) 

j 

We calculate the eigenvalue of c q = e^ fc on irreducible [/(to) -module 
V p . It is from the definition of c q that 



7T p (c 9 ) = (-1)" ^ 7r p (e nfc )7r p (e i2il ) ■ ••ir p (e^ 1 ) 
= ^2 7r v( e fc*i) 7rt p( e »i*2) • ■ -^*p( e ^-ife) 

l<il,'" ,i q —\,k<m 
= 7T f p( C <?)' 

where 7rt p is the contragredient representation of 7r p whose highest weight is 
'p = (— p m , • • • , — p 1 ). So we have 

7T p (c ? ) = 7Tt p (c q ) = ^(*W_i) 9 *7_i- 



Here, 



Su^ := (*p) J + (to - i) = -p m - i+1 + (m - i), *y-< = II f 1 " T^~Z 
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When we set 

w +t :=-p* + i-l, 7 + ,:=nf 1 " J ( 3 ' n ) 

for i — 1, • • -m, we show that ^(^-i) 9 *y-« = Si u '+j7+«- Hence, we conclude 
that 

Proposition 3.4. The Casimir element c q is the following constant on ir- 
reducible U (m) -module V p : 

Kpicq) = ^w q + fi +h (3.12) 

i 

where w + i and 7+j are given by Q3.11| ) . 

We call the constant w + i the (1,0) -conformal weight associated to p. 



4 Clifford homomorphisms for U(m 

In this section, we define a generalization of the Clifford multiplication cor- 
responding to the symbols of the Kahlerian gradients. First, we consider the 
irreducible unitary representation (ti p , V p ) and the tensor product represen- 
tation (ir p (gi 7r Ml , V p (g) C m ). Here, is the standard basis of Z TO , 

Pi := (Oi-x, 1, o m _0 = (0, • • • , o, l, o i _^ I 0) e Z m . (4.1) 

i— 1 m—i 

By using the tensor product decomposition rules (so-called the Littlewood- 
Richardson rules) in |[Ko |, @, we show that highest weights of the irreducible 
components of V p (g> C m are 

{p + P + A*i is dominant integral, 1 < i < rn}. 

When p+pi does not satisfy the dominant integral condition, we set V p+Pi : = 
{0}. Thus, we have the decomposition 

Vp ®C m = J2 W (4-2) 

1< i<m 

Next, we consider the tensor product representation (n p <%> 7t~- Pm , V p ® C m ). 
Then highest weights of irreducible components of V p ® C m are 

{p — Pi\ p — pi is dominant integral, 1 < i < m}. 
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So we set V p - m := {0} for p — fa without dominant integral condition and 
have the irreducible decomposition 

Vp ®C^= W (4-3) 

l<i<m 

The following is the definition of the Clifford homomorphism introduced by 
the author in [I II], which is a generalization of the Clifford multiplica- 
tions on spinor space. 

Definition 4.1. 1. Let U + i be the orthogonal projection from V p ® C m 
onto V p+p-i . For u in C m , we define the linear mapping p+i(u) from V p 
to V p+Mi by 

p +i {u) : V p 3 4> ^ Il +i (4) ® u) e V p+fli . (4.4) 

We denote by p +i {u)* the adjoint of p+i(u) such that (p + i(u)(j),ip) = 
(^,p+i(u)*ip) for in V p and *0 in V p+Mi . 

2. Let n_j be the orthogonal projection from V p © C m onto V p _ Pi . For u 
in C m , we define the linear mapping 

p_i(u) : V p 9 i-> n_i(0 © u) G V p _ Pi , (4.5) 

and denote its adjoint by p-i(u)*. 
We call p±i and the Clifford homomorphisms. We sometimes denote 
P±i by P p ± Pi to clarify considered representation spaces. 

Remark 4-1- Because multiplicity of each irreducible component is one, the 
orthogonal projection U±i is well-defined. But, when we realize the represen- 
tation spaces concretely, the Clifford homomorphisms have an ambiguity of 
complex number a with \a\ = 1. For example, we consider the decomposition 
C m © = V (0m) © V (li0m _ 2 _!). For e k © e, in C m © we have 

e k ®e l = —y^ j e i ®e i + (-— ^ © £j + e fc © q) G V( 0m ) © V"(i )0m _ 2 
In this case, the Clifford homomorphism p_i(e{) is just the interior product 

i(e,) : C m 9 e fc ^ «J W G C, 
where we use the identification 

V {0m ) 3 - ^ ® e i ^ 1 e C - 

If we choose another identification preserving inner product, - © h- > 
e - * 6 , then the Clifford homomorphism is realized as e~ ld i{ek)- 
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We shall provide some basic properties of the Clifford homomorphisms. 
First, we have 

Proposition 4.2. The Clifford homomorphisms satisfy that, for g in U(m) 
and u in C"\ 

p+i(gu) = TT p+ ^(g)p +i (u)TT p (g- 1 ) : V p -> V p+Ili , 
p +l (gu)* = n p (g)p +i (u)*n p+P Xg~ l ) ■ V p+ ^ -> V p , 



p-i(gu) = Ti p - Pi {g)p-i{u)ir p (g ):V P ^V P 



(4.6) 



P~Pi 5 



i/ere, aw means the natural representation 7r Pl (g)u. 

Proof. Considering the action of g to <p <g> it in V p ® C m , we have 

X^+MiOW^)^ = Trp®^^)^®^) = TT p (g)<p®gu = ^2p +l (gu)n p (g)(j). 

i i 

Then we have 7r p+Mi (#)p +l -(«) = p +i (gu)ir p (g) for any z. ■ 

Next, we show some algebraic relations of the Clifford homomorphisms. 

Lemma 4.3. Let {tk}k be a unitary basis of C m and {tk}k be a dual basis 
of C m given in fl2.1|) . Then 

} u p+i(e k Yp+i(ei) = S kh p_i(ejfc)*p_i(e z ) = 5 M (4.7) 

l<i<m l<i<m 

/or any k, I. 

Proof. From the definition of the Clifford homomorphisms, we show that 
hi{<t>,^) = (0®Q,^®e fc ) = ^2(p +i (ei)(f),p + i(ek)ip) = ^(p +i (e fc )*p +i (e I )0,^) 

i i 

for any <fi, ip in V^. Then we have proved the lemma. ■ 

To get more relations, we make use of the conformal weights w±i in ( |3.5|) and 
(|3.11j) . Let us consider the tensor product representation {it p ®it_ Pm , V p ®C m ) 
and define the operator C_ on V p ® C m by 

C- : = 7i p <g> 7r_ Mm (c 2 ) - vr p (c 2 ) <g) id - id <g> TT-^ (c 2 ) 

= 2^7r p (e w )®7r_^ l (e, fc ), ( 4 ' 8 ) 



ff 



where c 2 is the Casimir element with degree 2. This operator C_ acts as a 
constant on each irreducible component V^_ Mi . In fact, it follows from ( |3.6|) 
that 

C_ = -2w^ = -2(p i + m- i) on V p - m . 

So we have 

C-(<f> ® e fc ) = C_(^p_i(e fe )0) = E -2w^p_i(e k )(j). 

i i 

On the other hand, we have 

CL(0<g>e fc ) = 2^7r p (e st )0<g)7r_ Mm (e 4s )e fc = -2 ^p_j(e s )7r p (e sfc )0 

s,i I 

for any in V p . Then we conclude that 

w^ip^i(e k ) = ^2p-i(ei)rc p (e lk ) : V p -> V^_ w . 

Similarly, we consider the tensor product representation (7r p <g> 7r Pl , ® C m ) 
and the operator 

<5+ := vr p <g> vr pi (c 2 ) - vr p (c 2 ) ® id - id <g> 7r pi (c 2 ). (4.9) 

In this case, we have 

w +i p +i (e k ) = -^2p+i(ei)7r p (e k i) : V p -> V p+Pi . 

Lemma 4.4. Let w + j (resp. W-i) be the (1,0) -conformal weight (resp. the 
(0 , 1) - conformal weight) associated to p. Then the Clifford homomorphisms 
p±i satisfy that 

w +i p + i(e k ) = -^2p+i(ei)7r p (e kl ) : V p -> 1/ p+Mi , (4.10) 

w_iP_i(e fc ) = y^P-j(e;)7T p (e; fc ) : V p -> V^,_ w . (4.11) 

From this lemma, we can relate the Clifford homomorphisms to the en- 
veloping algebra. 

Theorem 4.5. Let w±i be the conformal weight, and {e 9 kl , e q kl } kt i tq be ele- 
ments in U(gi(m,C)) given in ( p.l|) and (ft.8|) . Then the Clifford homomor- 
phisms satisfy that 

E <iP+i(e*rP+*te) = fp(^) e End(y p ), (4.12) 

l<i<m 

E = ^(4) e End(V p ), (4.13) 

l<i<m 
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for q in Z> and k, I — 1, • - • , m. Furthermore, we take the trace of the above 
equations and have 



i k 



^ «•'',/' ,(</,.)> ,(</,•) = 7r,,(r. 



(4.14) 
(4.15) 



Proof. We use the equation ( |4.10| ) g-times and have 

+i P+M) = Yl P+i( e u) 7r p( e i2u) 7r p(ei 3 i 2 )---vr p (e N ). 



w 



We multiply p +i (e&)* on both sides and take the sum for i. Then we have 
from ([Op 



^w^p +i (e fc )> +i (ej) = (-1) 9 K p (e ilk )n p (e i2il ] 



11,— ,lq-l 



This theorem means that p +i (ek)*p+i(ei) can be expressed as a linear combi- 
nation of {e 9 H } q . We take a matrix expression of fl4.12|) , 



/ w° +1 w 
i 



w 



+i 



w 



\ 



\w 



m—1 „,.m—l 



+ 1 



/ P+i(efc)*P+i(ei) \ 
P+2(e fe )*p+2(ei) 

\p +TO (e fe )*p +m (ej)/ 



Because the (1, 0)-conformal weights are different from each other, the above 
Vandermonde matrix has the inverse matrix whose (z, j)-th component is 



-1) 



m -j S m -j(w + i, • • • , W + i, • • • , W +m ) 



n&i(w+i - w+j) 



(4.16) 



Here, Sj(xi 



x m ) is the j-th fundamental symmetric polynomial 



of {x u ■ ■ ■ ,x m } \ {Xi}. 
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Corollary 4.6. The Clifford homomorphisms are expressed as linear combi- 
nations of{e q kl }™-^ and 

p +i (e k ) p +i (e,) = 2^ (- 1 ) 3 fT" ^(4* ), 

(4.17) 

p^M) = E (-i) m ' J 7 ' ' — ' ' \ ,w ~ m) ^ 1 )- 

l<j<m \.Yj^i\ W -i W -j) 

(4.18) 

We take the trace of these equations and have 

^2p+i(£k)*P+i(e k ) =7+<» ( 4 - 19 ) 
&-i(^)Vi(£t)=7-i. (4-20) 

Remark \.2. When p ± ^ is not dominant integral, we can show that 7±j is 
zero. 

From this corollary, our interest is to find out relations between e\ x and 
e q kl , which are given in the next section. 

Let us discuss relations between the orthogonal projection U±i and the 
Clifford homomorphisms in the rest of this section. 

Proposition 4.7. We consider the orthogonal projection 

Tl +l ;V p ®C m ^ V p+tli dV p ®C m . 
This projection is given by 

n+,(0 <g> u) = Y^P+i^k)*P+i{u)4> ®t k e v p+Pi dV p ®C m (4.21) 

k 

for (p in V p and u in C m . 

Proof. There is an embedding 6+, from V p+Pi into V p ® C m , 

+ , : V p+Pt 9 0^ +l (0) = YsP+i^kY^ ®e k eV p ® C m . 

k 
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We know that Q +i does not depend the choice of unitary basis and is U (m)- 
equivariant. For u = Yl u i e i m C m , we have 

I 

= J~] ui ^ S k i<j) ® e fc 
i fc 

i k i 

i k i 

Then we have proved the proposition. ■ 

Lemma 4.8. Suppose that p + fa is dominant integral, and we have 

J2p+i(zk)p + i(e k y = id : V p+IXi - V p+lli . (4.22) 

k 

Proof. We can show that J2 k p +i (ek)p+i(ek)* is a £/(m)-equivariant endomor- 
phism of V p+Pi) and hence, is constant. We calculate the constant. 

(p+i(u)i/j,P+i(v)(f)) 
= ^2(p + i(e k )*p +i (u)4) <g> e fe ,p + i(e;)*p + i(w)^ ® ej) 

= 5^(P+i( e l)P+<( e fc)*P+<( w )V',P+i(u)0)*fci 
k,l 

= (^2p+i( e k )p+i (e k ) *P+i (u)ip, p +i (v)<f>) 
k 

= S ^P+i( t k)p+i{e k y(p + i(u)i>,p +i (v)4>) 
k 

for any 0, in V p+Mi and u, v in C m . So we have Y.kP+i( e k)P+i( e k)* = 1- ■ 

When p + fa is dominant integral, namely V p+tli ^ {0}, we have the 
Clifford homomorphism p p+Pi (u)* = p +i (u)* : V p+Pi — > V^. But, there is 
another Clifford homomorphism p p p +,li (u) : V p+Pi — > V^. Then we show that 

Proposition 4.9. ITie Clifford homomorphism p p p+fl .(u)* : V^ +Mi — > V p and 
p p p +fli {u) : V^ +w — > lp are related as follows: 

P p ;» l {u) = -U^+»* : W - V„. (4.23) 

V 7+i 
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Similarly, we have 

P P p -^(u) = -LpJ_ w («)- : Vp ^ -> V p . (4.24) 

i/ere, i/iere zs ambiguity of complex number with norm 1 on each equation. 
Proof. We have an embedding from V p+flt to V p <S> C m , 

Q' +t : V p+Mi 9 0^ 6' +4 (0) = 5>^(e fc )0 ® e fc 6^8 C m . 

It is from Schur's lemma that there is a complex number a such that = 
a6 +i , that is, 



for any in V p+Pi . Then we have = Furthermore, we 

know that 



7+i 



£#+-«( c *)%-«( c *) = i«r 2 E^(^K +Ati (^)* = ia|- 2 . 



Thus, it holds that p£ + ' 1< (w) = ^^rp p+p . (u)*. The ambiguity e v ^ e 'is due to 
the discussion in Remark [O] , ■ 

5 Algebraic relations for Clifford homomor- 
phisms 

In this section, we have further relations for the Clifford homomorphisms. 
From theorem |4.5| or corollary [4.6| , our problem reduces to construct relations 
between {e q kl } q and {e q kl } q . 

It follows from lemma £5.11 and £5.31 that 



£ e<j e « = e? 1 - me ii + § kic q , 

The next lemma allows us to represent e q kl as a linear combination of {ef fc } p 
whose coefficients are polynomials of the Casimir elements. 
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Lemma 5.1. Let e q kl and e\ k be the elements in f/(gl(m, C)) defined in ( |3.1| ) 
and ( |3.8|) . There exists a set of polynomials {b qtP (c)\0 < p < q} of Casimir 
elements c = (cq, ci, • - • ) such that 



c kl 



p=0 



for any k, I. 



Proof. We prove the lemma by an induction for q. When q is and 1, the 
lemma is trivial. We assume that the lemma holds for non-negative integers 
< q. Then, for any k, I, 



~ e Vi x = E g ^ = ~ E ^ eii = ~ E E b 4>p e ik e n 



i i i p=0 

= ~ E 6 9, P ( e ffc +1 - meP ik + 6 ikC P ) (by 

p=0 

1 1 

= ~ Kq4k +l + Y^l* ~ 6 «>-lKfc + ( mb lfl ~ E Kp C v) 5 lk 
p=l p=0 

9+1 
p=0 

Thus there exists a set of polynomials {b qiP } q ^ p of the Casimir elements, which 
are defined inductively. ■ 

In the above proof, we have a recursion formula for {b q}P } q , p . Since it is a 
little difficult to solve the recursion formula, we consider the equation 

E Q (-™r p e p kl = E ^ P (c)e P k , (5.3) 
p=o \P' p=0 

and a recursion formula for {a q;p } q , p . 

Lemma 5.2. Let a q , P (c) be a polynomial of the Casimir elements c = (co, C\, ■ ■ 
satisfying (|5.3p . Then {a q , p }o< P <q are given inductively by the recursion for- 
mula 



a g,p 



-l) p a q - p>0 , a m = {-l) q , a qt0 = - y^a P;0 Xg-p, (5.4) 

p=0 



where we set x p := (— l) p 1 c p _i /or p = 1, 2, 
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Proof. 

9+1 / , ,\ 9+1 



9 9+1 / \ 

- m £ ***** + EEL!i ^(-m)^ 1 -* 

p=0 i p=l ^ ' 



9+1 -P 



p=U % p- 

9 9 



= - m a *Ak + J2 J2 a v,p eP ik(- e u) 

p=0 i p=0 

9 9 

= - a v,P e !k + Yl a 9, P (- e ffc +1 + me !k - 6 ikC P ) 

p=0 p=0 
9+1 9 9+1 

= — 22 a 9.P- ie ffe ~~ ( /v a q,p C p)$lk — ^ a 9+l,P e ffc- 
p=l p=0 p=0 

Then we have a recursion formula of {«<j,p}o<p<<?> 

9-1 

0>q,p — —ttq-l,p-l, ^0,0 — 1, dqfi = ~ 0>q-l,pCp- 

p=0 



This formula is equivalent to (5.4). 



To give the solution of (|5.4j ), we prepare a generating function of valuable z 
whose coefficients are polynomials of x = (xi, x 2 ,---). We define a generating 
function K(z) by 

oo 1 

JT(s) := ^ = — — T —. (5.5) 

^ 1 + xi^ 1 + x 2 z 2 H 

n=0 



Here, each coefficient of z is 



K n {x)= £ ! / ( -- r|) ' --- i - r " ) " (5 - 6) 

(see |[MS| ). We know that the first few terms are 

K (x) = l, Ki(x) = —x 1 , K 2 {x)—x\—x 2 , K 3 (x) — —x\ + 2x x x 2 - x 3 , 
and K n (x) satisfies 

K n {x l , -x 2 , x 3 , -ar 4 • • • ) = {-l) n K n (-x). (5.7) 
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Let us give a recursion formula of {K n (x)} n . Because of the definition of 
K(z), we have 

oo oo oo q 

i = (E^xE*^) = EC*^ 

i=0 j=0 <j=0 p=0 

Compare the coefficients of z n , and we have 

K (x) = l, K q (x) = -^K p (x)x q ^ p . (5.8) 

p=0 

This is just the recursion formula (|5.4j ) of {a Pi o} P >o- Then we conclude that 

a q , P = (-1) p S-p,o = (-~L) p Kq- P (c , -ci, c 2 , • • ■ ) = (-l) 9 i^g_p(-c). 
Thus, we have the following theorem. 

Theorem 5.3. Let {e p kl \ p and {e^} p be the elements of U(gl(m, C)) given 
in (B. II) and (13. 81). T/ien it holds that 



E (!) (-™) 9 ~ Pe ~« = E ^w- c K*> ( 5 - 9 ) 

P =o p=0 

^= e <5.io) 

VFe ta£;e i/ie involution of the above relation and have 

E (f) (_mr ^ = (-!) 9 E^-p(- 5 )^- (s- 11 ) 

p=0 p=0 



Taking the trace of ( |5.9| ), we have a relation between the Casimir elements 
{c p } p and {c p } p . 

Corollary 5.4. The Casimir elements {c p } p and {c p } p are related to each 
other as follows: 



j2( q )(-niy-% = (-iyK q+1 (- c ), 

P =o ^P' 

j^( q \-m)^c p ={-lYK q+1 {-c). 

■n— n V"/ 



(5.12) 
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The above theorem induces relations for the Clifford homomorphisms. 
Corollary 5.5. The Clifford homomorphisms p±i and p* ±i satisfy that 

( w +i ~ m) g p +i (e k )*p +i (ei) 



Ki<m 



l<i<m p=0 

22 ( w ~i ~ m) q p^i(e k yp-i(ei) 



Ki<m 



=(- 1 ) 9 E (E^^h^XK^)^^) 

l<j<m p=0 

on irreducible U(m)-module V p with highest weight p. 

Remark 5.1. This corollary says that p + j(efc)*p + j(e;) is a linear combination 
of {p-i(6{)*P-i(6fc)}£Li- Moreover, we remark that, if there are N irreducible 
components in V p (g> C m , then we have N components in V p ® C m , and vice 
versa. So, if there are 2iV Clifford homomorphisms on V p , then at most N 
relations make sense in (|5.13|) . 

It follows from ( 5.12|) that c q is a polynomial of {c p } p . Similarly, we can 
express e kl as a linear combination of {ef k } p whose coefficients are polynomials 
of {c p }p. The following corollary is the answer to the recursion formula for 
{bq,p}q, P in lemma |5TI . 



Corollary 5.6. We can express e q kl and c q with {e p lk } p and {c p } p as follows: 
4 = ("I) 9 E(E (-mrW- C )}i (5-14) 



p=0 s=p 

^ = E (!) (5.15) 



6 Example: spinors and Clifford multiplica- 
tions 

We shall discuss spinors as an example and show that the Clifford homomor- 
phisms on spinor space are the usual Clifford multiplications. Let M. 2m ~ C m 
be the Euclidean space with standard complex structure J and A 0,p be the 
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space of (0,p)-forms. This space A°' p = A p (C m )* is irreducible U(m) -module 
with highest weight p — (l p , m _ p ), and is isomorphic to A p (C m ). The direct 
sum A°' P * s known as the spinor space associated to C m . 



We have four Clifford homomorphisms from V p = A 0,p to other U{ 



m)- 



modules, 



P+i(efc) 
P+(p+i)( e fc) 

P-p(Cfc) 



A°' p -> V, 



A o, P 
A o, P 

A 0,P 



V, 



A 0,p+1 



p—fJml 



V = A 0,:p_1 



The conformal weights and 7-y associated to each Clifford homomorphism 
are 

p(m + 1) 



w+i = - 


-1, 


7+i = 


w +(p+l) = 


P, 


7+( P +i) 


W-m = 


0. 


7— m 


W-p = m — p + 


1, 


7-p = 



p + 1 

m — p 



p+l ' 
(m + l)(m — p) 

m — p + 1 
p 



m — p + 1 



From theorem [4J3|, it holds that 

P+i( e fc)*P+i(Q) +Pp+i(efe)*Pp+i(e«) 



5, 



ki- 



p- m {ei)*p- 



Ski, 



-p +1 (e k )*p +1 (ei) +pp +(p+ i ) (e k )*p + ( p+1 )(ei) = -7r p (e ifc ), 
(m-p+ l)p_ p (e fe )*p_p(e;) = ir p {e k i). 

Here, we remark that other relations reduce to these equations. From the 
above equations, we have 

(p + l)p +{p+1) (e k )*p +(p+1) (ei) + (m-p+ l)p_ p {li)*p_ p (e k ) = 8 M . (6.1) 

We shall prove that this relation coincides with usual Clifford relation. We 

set, for any p, 



-e k - := i(e k ) = ^m-p + 1 p- p (e k ) 
e k - := e kA = ^/p+ lp +(p+1) (e k ) 

It follows from (|4.23|) and ( |4.24|) that we have 

(e*)* = -e*, (efc)* = - 



: A ' p • 
. A o,p 



A *" 1 , 
> A°' p+1 . 



(6.2) 
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Thus, the equation flB.l|) means usual Clifford relation + e^k = — Ski- 
Furthermore, we have 

-e*ei = ir p (e k i) (6.3) 

on each [/(m)-module A°' p . 

Remark 6.1. How can we get other Clifford relations e^Q + = and 
e^i + e/6fc = ? We consider the orthogonal projection from A°' p (g> S' 2 (C m ) 
onto A°' p+2 . By using the tensor product decomposition rule, we have 

A°> p ®S 2 (C m )=V p+2 , 1 ®V p+pi+Pp+1 . 

So A°' p+2 does not appear as an irreducible component of A 0,p ® S 2 (C m ). 
Thus, we have the relation e^i + = for k, I — 1, ■ • • , m. 

Let us show an explicit formula of the orthogonal projection H±i, which 
is useful to construct (Kahlerian) twistor spinors. Considering the projection 
formula (4.21), we have 

<g> e k 

= Y] p+(p+i) ( e 0*p+( P +i) ( e fc)0 ® e « + p+i ( e i)*p+x ( e k)<f) ® q 

(6-4) 

= — r Q • e fc • <g> q + (0 <g> e fc H — V £{ • e fe • i[) ® e { ) 

for in A 0,p . Similarly, we have 

® e fc = — - — V" ei ■ e k ■ <g> q + (0 <g> e k H — — V" e z • e fc • <g> ej). 

m — p + 1 ^y' m — p + 1 ^y' 

(6.5) 



7 The Kahlerian gradients and their confor- 
mal covariance 

In this section, we shall define the Kahlerian gradients on almost Hermitian 
manifolds, and show their conformal covariance. 

Let M be a real 2m-dimensional almost Hermitian manifold with almost 
complex structure J and Hermitian metric g. Here, a Riemannian metric g 
is called Hermitian metric if g is compatible with J. The complexification 
of the tangent bundle splits into the direct sum of the (1, 0)-tangent bundle 
T 1,0 (M) and the (0, l)-tangent bundle T 0,1 (M) with respect to J, where 
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each bundle is equipped with Hermitian metric. Since the almost Hermitian 
structure gives a reduction to U (m) of the structure group of frame bundle 
on M, we have a principal bundle U(M) with structure group U(m) which 
is a bundle of the unitary frames on M. 

Let (ir p , V p ) be an irreducible unitary representation of U(m) with highest 
weight p and S p be the associated bundle U(M) x p V p whose fiber metric 
is induced from the inner product on V p . We fix a connection u on U(M), 
namely, a linear connection compatible with g and J. This connection gives 
a covariant derivative V preserving the metric on S p , 

v : r(s p ) -> r(s p <g> t*(m)) = r(s p ® (t*(m) ® c)). (7.1) 

The complexified cotangent bundle T*(M) ® C splits as A 1,0 (M) © A^^M) 
and hence the connection V also splits as V 1,0 + V 0,1 . Regard A 1,0 (M) and 
A 0,1 (M) as T 0,1 (M) and T 1,0 (M) by g, and we have descriptions of V 1,0 and 
V 0,1 as follows: 

V 1 'V= Yl V £fc 0®e fe Gr(S p ®T o - 1 (M)), 

i<k< m 

l<fc<m 

for in r(S p ). Here, {e^, Jek}™ =1 is a local orthonormal frame of T(M), and 
{efc, CfcjfcLi are local unitary frames of T 1,0 (M) and T 0,1 (M) given as 

e k = -^={e k - V^lJe k ), e k = -^=(e k + \^lJe k ). (7.3) 

We have already seen the decomposition V p <8> C m = X] Vp+^ an d ® 
C m = ^2 V p _ Pi in section f|. Hence, the tensor product bundle S p ® T 1,0 (M) 
and S p ® T 0,1 (M) are decomposed as 



S p ® A°'\M) = S P ® T lfl (M) = S, 
S p g) A^M) = S p ® T^M) = ^ S p _ Pj . 



(7.4) 



Here, when p ± /ij is not dominant integral, we put S p ± w := M x {0}. 

Definition 7.1. Let S p , S p ± Pi , V 1 ' , and V 0,1 be as above. We define a set 
of first order differential operators {-D±i}™i to be 

D +i : r(s p ) ^ r(s p ® a ^^/)) ^> r(s p ® t^m)) ^> r(s p+p j, 
: r(s p ) ^ r(s p ® a^m)) ^ r(s p ® t^m)) r(s p _ p j, 

(7.5) 
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where IT-i-j is the orthogonal projection to S p ± w defined fiberwise. We call 
these operators the Kahlerian gradients associated to p. 

Remark 7.1. If we consider a diffeomorphism cf) : M \— > M' preserving al- 
most Hermitian structure and connection, then <f>(D±i) = D' ±i . Thus, the 
Kahlerian gradients are the [/(m)-invariant first order differential operators. 

To give a formula of D± iy we lift the Clifford homomorphisms to bun- 
dle homomorphisms. Since T 1,0 (M) and S p are vector bundle associated to 
U(M), we define the Clifford (bundle) homomorphisms from S p to S p+Mi by 

(T l >°(M)) x x (S p ) x 3 [p,u] x [p,4>] i- [p, P+t (u)4>] e (S P+P J X) 

where x is in M and p is in U(M). We know from proposition [4.2| that 
this map is well-defined. Thus, we have bundle homomorphisms p + i(X) G 
r(Hom(S p , S P+P J) andp_i(X) G r(Hom(S p , S p _ w )) for each X in ^T^M)). 

Proposition 7.2. Let D±i be the Kahlerian gradient and p±i be the Clifford 
homomorphism. Then 

D+i = $> +J (e fc )V e - fc : r(s„) - r(s p+w ), 

( 7 - 6 ) 

The following results in the theory of the Dirac operator can be general- 
ized to the ones for D±f. 

1. The Dirac operator D satisfies [D, f] — Dof — fD = grad/- for / in 
C°°(M). Here, grad/- is the Clifford multiplication of gradient vector 
field of /. 

2. The connection on spinor bundle S(M) is compatible with the Levi- 
Civita connection, that is, V V (W ■ 4>) = W • (V y 0) + (V V W) ■ <\> for 
in T(S(M)) and V, W in T(T(M)). 

3. The Dirac operator has a conformal covariance. 
First, we easily show from the above proposition that 
Proposition 7.3. Let f be a smooth function on M. Then 

[D+i, f] = ^((grad/) 1 ' ), [D-i, f] = ^((grad/) ' 1 ), (7.7) 

where (grad/) 1 ' and (grad/) ' 1 are the (1,0)- and (0, l)-part of gradient vec- 
tor field of f. 
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Next, we shall prove that the covariant derivative V on S p is compatible 
with the ones on T 1,0 (M) and T 0,1 (M). We take a local unitary frame {ek}k 
and the connection uj on U(M). The covariant derivative V on T 1,0 (M) is 
expressed as 

Vye, = ^2ujf(V)e k = ^2g(V v e k ,ei)e k , 

k k 

where (u>i)k,i is a local connection 1-form of uj with respect to {e k } k . Since 
the frame {e k } k induces a local unitary frame {s a }a=i P °f S p , the covariant 
derivative V on S p is expressed as 

Vy-Sa = ^2uf(V)ir p (e k i)s a . 

Here, e k [ is a local section of U(M) x Ad gl(m, C) corresponding to a local 
section e/. ® q of T 1,0 (M) (g) T 0,1 (M). From this local expression of V, we 
have 

Proposition 7.4. The Clifford homomorphisms p + i(X) and p_j(X) for X 
in r(T 1 '°(X)) satisfy that 

V v (p +l (X)4>) = p +l (V v X)4> + P+l (X)V V (p, 
V v (p-i{X)<l>)=p +i {V v X)<t> + P +i{X)V v <t>. 

for (f) in r(S p ) and V in T(T(M)). 

Proof. We take local frames {e k } k of T 1,0 (M) and {s a } a of S p as above. Then 

p +i (V v e k )s a + p +i (e k )V v s a 

= ^2 ujl k (V)p +i (e l )s a + ^2uj s t (V)p +i (e k )7T p (e st )s a 
i 

= ujl k{y)P+i (ti)s a + Yuj s t (V) (-5 kt p+i (e, ) + ir p+Pt (e st ) P+i (e k ))s a 
i 

= ^2u l k (V)p +i {e l )s a - ^2u s k (V)p +i (e s )s a + ^^(\/)7r p+Mi (e st )p +i (e fc )s Q 
i 

=V v (p+i(e k )s a ), 
where we use the infinitesimal expression of the equation (|4.6|) , 

5 kt p + i(e s ) = TT p+lli ( e st)p+i(tk) - p + i(e k )7T p (e st ). 
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In the rest of this section, we prove a conformal covariance of D±i. The 
method is same to the conformal covariance of the Dirac operator (cf. ||LM 1). 



The connection on U(M) in our definition of D±i may be arbitrary. But we 
should choose more geometric connections on U(M) as follows: 

1. The Hermitian connection u h when J is integrable. 

2. The u(m)-component u u of the Levi-Civita connection uj 9 with respect 
to g. 

The first connection u h is unique connection such that V h g = 0, V h J = 0, 
and the (1, l)-part of torsion tensor vanishs. We define the second connection 
u u more precisely. We take the Levi-Civita connection uj 9 , whose connection 
1-form is so(2m)-valued. Considering the inclusion u(m) C so (2m), we can 
take the u(m)-component uj u of uj 9 , which is a connection on U(M) (see 
Such a connection is given by 

VyW = V 9 yW - l ~ J(V 9 y J)(W) = ^yW ~ J(Vy(JW))) (7.9) 

for V and W in T(T(M)). 

Proof. For V in T(M), the projections to (1, 0)- and (0, l)-part are 

^(V) = h\ - V^1J)V e T lfi (M), ^\V) = Ul + V^1J)V e T Q '\M). 

Then the u(m)-component uo u of the Levi-Civita connection is 

VyW = TT^VyTT^W + TT^VyTT^W 
= \(y v W - J{Vy{JW))) 

= V 9 yW - l -J(VyJ)(W). 



We can easily show that this covariant derivative V" preserves g and J and 
gives a connection uj u on U(M). But, the torsion tensor of u u does not always 
vanish. In fact, the torsion tensor is a (1, l)-tensor. We know that an almost 
Hermitian manifold M is a Kahler manifold if and only if uj u = u h = uj 9 . 

Let us consider a conformal deformation of Hermitian metric, g i— ► g' — 
e 2a ( x )g for a(x) in C°°(M). The metric g' is also a Hermitian metric on M. 
This deformation induces a principal bundle isomorphism 

* : U(M) 3 p = (e 1; • • • , O - P' = e~ a{x) (ti, ' ' ' , O e U'(M), 
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and a bundle isomorphism 

4> p : s p = u(m) Xp v p 3 [p, 0] ^ ip', 0] g u'(M) x p v p = s;. 

Then the operators D±$ and Z)^y on S p and S p are related as follows: 

Theorem 7.5. 1. Let M be a Hermitian manifold with Hermitian metric 
g. The Kdhlerian gradients {-D±i}j associated to the Hermitian connec- 
tion have conformal covariance, 

D' ±l = e^'M- 1 *^ o D ±i o (e^^)^p)- 1 . (7.10) 

Here, c\ is the Casimir element with degree 1. 

2. Let M be an almost Hermitian manifold with Hermitian metric g. The 
operators {Z)-y}j associated to the u(m)- component of the Levi-Civita 
connection have conformal covariance, 

D' ±i = e ( -^" 1)CT Vw, ° D ±i ° (e-^p)" 1 - (7-11) 
ZZere, W-y the conformal weight associated to p. 

Remark 7.2. 1. This theorem provides the reason why we call w±i the 
conformal weight. 

2. When dimker D±i is finite, dimker£)-|-j is a conformal invariant of M. 

Proof. First, we shall prove the conformal covariance ( |7.10| ). We set h k j := 
g(e k , 6j) and ZZ := (h k i) k i, then a local connection 1-from of u;^ is given by 

H- l dH = (h ks dh sI ) kl . 

Under the conformal deformation g \—> g' — e 2a g, we have 

uj' k (V)=g'(V v e' k ,e' J ) 

= sf{Vv4 + ((V-y/=lJV)ay k ,4) 
= -V^l(JVa)S kl + ujf(V), 

and 

V'^pK) = E^(^K(4^pK) 

= M^2( u i(Y) - V^l(JVa)5 M )>K p (e kl )s a } 
= ipp{^vs a - V-Ln P (ci)(JVa)s a } 
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on each associated bundle. Then, for <p in r(S p ), 

d' + M<I>) = £p*(«*)v^p(0) 

= e-> p+Mi {^p +J (e fc )(V e - fe - vr p (ci)(e fc or))0} 

= e.~ a ipp +m {D +i (j) - vr p (ci)p +i ((grada) 1 ' o )0}. 
It follows from this equation and ( 777 ) that 



Next, we shall prove the conformal covariance (|7.11 ). The Levi-Civita con- 
nection changes under the conformal deformation g 1— > g' = e 2,7 g as 

V^W = V^W + (y«7)W + (Wa)V - g(V, W)a. 
So the local connection 1-from of the u(m)-component changes as 

u/ftV) = uftV) + (eia)g(V,e k ) - {e k a)g{V, e,), 
and the covariant derivative on each associated bundle does as 

^{e k a)g{V, e,)7r p (e«)s a }. 

Then, from (|4.10 ), we have 

D' +i ip p (<j)) = e' a ijj p+IH {^p +i {e k ){V Eh - ^2(e l( r)ir p (e lk ))(f)} 

k i 

= e' a ^ p+lli {D +i (j) + w +i p +i ((grado-) 1,o )0} 



Then we have the conformal covariance (|7.11 ). Similarly we can prove the 
conformal invariance for ■ 



Example 7.1. We consider a Riemannian surface M whose Riemannian 
metric is always a Kahler metric. The irreducible representations of U(l) 
are parametrized by I in Z. For each irreducible representation (77; , VJ) , we 
have the conformal weight w±\ = =fZ. On the other hands, we know that 
the Casimir operator 717 (ci) is I on V\. Thus, the conformal covariance ( |7.10| ) 
coincides with ([7.11 ) on Riemannian surfaces. 
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8 The Bochner identities on Kahler mani- 
folds 

In this section, we extend the relations for the Clifford homomorphisms to 
the (generalized) Bochner identities for the Kahlerian gradients on Kahler 
manifolds. From now on, we assume that M is a Kahler manifold with 
Kahler metric g, and the connection on U(M) is the Levi-Civita connection. 

We define a second order differential operator Vy W on S p for vector fields 
V and W by 

v 2 VtW := v v v w - v VvW : r(s p ) - r(s p ). (8.1) 

We denote the formal adjoint operator of V by V*. Then the connection 
Laplacian is given by 

^ ^ ~~ ~~ ^~^(^e fc ,e fc + ^ Je k ,Je k ) ~ ~ ^e k ,e k ~ ^ tk^k' (^-2) 

k 

Thus the connection Laplacian splits into the sum of V 1 '°*V 1 ' and V 0,1 * V ' 1 , 
V^^-^V^, V^V^-^V^v (8.3) 

On the other hand, the difference between V 1 '°*V 1 ' and V 0,1 *V ' 1 gives 
a bundle endomorphism of S p depending on the curvature. Furthermore, 
we show that some linear combinations of {D±i}i are also bundle endomor- 
phisms on S p depending on the curvature. So, for a while, we discuss such 
endomorphisms. 

The curvature Rt on tangent bundle of T(M) is given by 

R T {V,W):=V 2 V:W -V 2 wy for V, W in T(M). (8.4) 

On Kahler manifolds, this curvature tensor R T satisfies JRt(V, W) = Rt(V, W)J 
and R T (JV, JW) = R T (V,W). So, R T is an u(m)-valued (1, l)-form and 
leads to the curvature on T lfi (M) and T 0,1 (M). For example, the curvature 
on T lfi {M) is 

R Tl , a (V, W) = Y\g{R T {V, W)e h e k )e k ® e, 

±^ (8.5) 
= J29(MV,W)e h e k )e kh 

where g is extended complex linearly to a complex metric on T(M) <S> C. 
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Contracting components of Rt, we have the Ricci curvature Ric and the 
scalar curvature k, 

Ric(V,W) = V^lg(J2M^,e k )V,JW), (8.6) 
K = 2^g{R r (e k ,e k )e l ,e l ). (8.7) 

Let R p be the curvature of V on S p , 

R p {V, W) := V V V W - V W V V - V [V;W] = V 2 V>W - V 2 wy . (8.8) 

Since the derivative V on S p is induced from the Levi-Civita connection, we 
have a formula of R p , 

R P {V,W) =J29(MV,W)e b e k )7r p (e kl ). (8.9) 

We shall contract the curvature R p by the action of the enveloping algebra 
bundle on M and give some bundle endomorphisms of S p . We define the 
enveloping algebra bundle U($j[(m, C)) on M to be 

U(g[(m, C)) := U(M) x Ad U( l(m, C)). (8.10) 

Here, Ad is the adjoint representation of U(m) on f/(g[(m, C)). Each fiber 
of U($j[(m, C)) has an algebra structure isomorphic to U(gl(m, C)), and each 
associated bundle S p is a bundle of U(g[(m, C))-module. 

Definition 8.1. Let R p be the curvature of V on S p . We define a set of 
bundle endomorphisms {R q p , R p } q >o depending on R p by 

B* := J2^( e ik) R p(^,ei) E T(End(S p )), (8.11) 

ki 

K ■= E ^li) R P^ e r ( End (Sp)), (8-12) 

ki 

where e q kl and e q kl are local sections of U(jj[(m, C)) corresponding to ( |3.1|) and 
( |3.8j ). We call these bundle endomorphisms the curvature endomorphisms on 
S p . 

The curvature endomorphisms have real eigenvalues on each point. In 
fact, we have 

Proposition 8.2. The curvature endomorphisms R q and R q are self adjoint 
bundle endomorphisms, that is, 

(Rtfa, 2 ), = (0i, R? p <h) x , (^0i, 2 ), = (0i, R^h), (8.13) 
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for x in M and 4>i,4>2 in (S p ) x . Furthermore, it holds that 

E Q {-m) q - p R p p = {-If E tt p (^_ p (-c))^. (8.14) 

p=0 p=0 

TTie curvature endomorphism R q p is called positive (resp. negative) if all the 
eigenvalues of (R p ) x is positive (resp. negative) for any x in M. 

Proof. From the definition of R q , we have 
R p = ^29(RT(e i ,e j )e h e k )7r p (e q ji )7r p (e k i) = S ^g(R T {t i ,e j )e h e k )'K p {e q i e k i). 

Then 
R q 

= E 9( R T(ei, £j)e h e fc )7r p (e| i e w ) 

= E#( i M e *> lj)e h e k )M e kie%) ~ Mp( e w) + S ki^ P (e^)) (by 

= E 9( R T(ei, e 5 )e h e h )-K p {e u e)>) - g{R T {e h e^ej, e k )n p (e q ki ) + g(R T (e i} e^ej, 

= E 9( R T(ei, €j)e h e h )-K p {e u e)>) - g(R T (e h ei)e i: e k )ir p (e q ki ) + g{Rr{e h gj)ej, e i )vr p ( 

= E 9(Rt(£u ij)ei, e fe )7r p (e w )7rp(e^), 

where we use the Bianchi's identities for Rt- Then we have 

{R q P Y = ^g(R^h^i,^ P (ekiTM e i q -iiy ■ • - ^jiiT 

= ^2g(R(£j,£i)£ki£i)Tr p (ei k )7r p (e iiq _ 1 ) ■ ■■7r p (e hj ) 

= E 9(R(^ e k )Tr p (e k i)7r p (e jiq ^) ■ ■ ■ ^(e^) = R q p . 



The second assertion can be proved by using theorem 5.3. 



Example 8.1. In the case of q = 0, the curvature endomorphisms R° and 



Rp become 

K = R l = E^( e ^) = E3(E^( efc >^) e ^)^)- ( 8 - 15 ) 

i,j k 

This is the so-called mean curvature on S p . We show that, if M is a Ricci-flat 
Kahler manifold, then R° p = R° p = 0. 
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Example 8.2. If M is a Kahler manifold of constant holomorphic sectional 
curvature= r, then on T(M) satisfies 

_ _ r 
g(R T (e i ,e j )e h e k ) = -{8kAj + 

The curvature endomorphism R q is also constant for any q, which is given 
by 

R q p = r -Tc p (c qCl + c q+1 ). (8.16) 

Example 8.3. We think of the curvature endomorphisms on the spinor bun- 
dle £ A°'P (M), where A°>p(M) is S A o, P with A°- p := (l p , m _ p ). It is from (p|) 
that the 0-th curvature endomorphism is 

r a°,p = S ^2g{RT{ek,e k )e j ,e i )Ti A o,p(ei j ) = - s ^g(R T {e k ,e k )e j ,ei)e i -e r . 

In particular, we have 

R A o, m = g(Rr(^k, £k)tj, 



We calculate the first curvature endomorphism R\ , P - From the definition of 
R\o, P , we have 

R\°.p - y^^aiRr^k, €i)€j, e i )'KjiO,p(ei k )'K A o,p(eij) 

Then the Bianchi's identity and the Clifford algebra relations lead us to 
R\o, P = R%, P - Thus, we conclude that 

{0 for p = 0, 

k/2 forp = m, (8.17) 

-g(Rr(£k, ejfc)ej, £i)e» • e,- otherwise. 

The curvature endomorphisms R A o, P and -R° , P depend on the Ricci curvature 
of M. The Ricci curvature is called positive if Ric(V, V) > for any real 
vector field V ^ 0, or Ric(X,X) > for any (l,0)-vector field X ^ 0. 
Then we show that, if the Ricci tensor is positive (resp. negative), then 
R\o, P = R\o, P is positive (resp. negative) except p — 0. In fact, we take 
eigenbasis {{^k)x\k=\ of Ric^ such that 

Ric((e k ) x , (ei) x ) = Ric((e fc ) x , (e t ) x ) = Ric(J x (e k ) x , J x (ei) x ) = X k 5 H . 

Then the eigenvalues of (R AOiP ) x are {A^ + • • • + Aj p |l < %\ < • • • < i p < m}. 
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We consider the formal adjoint operator of D±i, whose principal symbol 
is the Clifford homomorphism — p* ±i . 

Proposition 8.3. We denote by D± { the formal adjoint operator of D±i such 
that 



/ {D±4,i>)dx = / ((ft,D* ±i ip)dx (8.1* 
Jm Jm 



for all compactly supported (ft in T(S P ) and ip in T(S p ±i). Then D± { is ex- 
pressed as follows. 

D Xi = -E^)* v «» : r 0W - r(s p ), (8.19) 

D% = ~ $>-^rV e - fc : r(S p _ Mi ) - r(S p ). (8.20) 

Proof. We fix x in M and choose a local Hermitian frame {e k } k in a neigh- 
borhood of x such that (Ve k ) x = for any k. Then, at x, 

(D +i( ft,ift) =Y J (P^k)V lk (ft^) = J2(VeJ,P + i(e k )*iP) 

= ^2{^k(<ft,P+i(^kT^) - (0,p+i(V e - fc e fc )*^) - (cj),p +i (e k )*V ek ip)} 

= ^2^k{<P^P+i{t k yi)) + ((ft,-^2p +i (e k yv £h ip) 

=div(X) + (0,-£p. M (e fc )*V ek VO, 

where X is (0, l)-vector field defined by the condition that g(X, Y) = ((ft, p +i (Y)' 
for any (1, 0)-vector Y. We show that, on Kahler manifolds, the divergence of 
(0, l)-vector field X (resp. (l,0)-vector field X) is div(X) = T,9(^e k X,e k ) 
(resp div(X) = g(V €k X, e k )). So we have proved the proposition. ■ 

Lemma 8.4. The second order differential operators {D± i D± i } i satisfy that 
£ w« +i D* +i D +i = - J> P (4)V^, ( 8 - 21 ) 

l<i<m 

£ "-',ir ,1) ; = -2>p(4,)V£ )ei - (8 .22) 

1< j<m 

Proof. This lemma is easily shown from ( 4.12| ) and ( 4.13|) : 

Yl w +i D *+i D +i = ~ J2 w +iP+i( e kT^ 'e k P+MW 'e, 
= - ^«J%p + i(e*)*P+<(ei)V ek Vq 
= - ^<^(e fe )> +l (Q)(V efc V e - ; - V Vefc£ -J 

= - E w We*)*p+i(Q)vi A = -E^( g ^ v Lv 
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We are ready for the Bochner identities for the Kahlerian gradients. 

Theorem 8.5 (The Bochner identities). We consider the Kahlerian gra- 
dients D±i : r(S p ) — > r(S p ± At J and their formal adjoint operators D* ±i : 
r(Sp-tpJ — > T(Sp) on a Kahler manifold M . Then the operators satisfy the 
following identities: 

1. (in the case of degree 0) 

= V 1 ' ^ 1 ' , E D* +i D+ l = ^ ' 1 *^ ' 1 , (8.23) 

l<i<m l<i<m 

E D^D^i + D* +i D +i = V 1,0 *V 1 ' + V 0,1 ^ ' 1 = V*V, (8.24) 

l<i<m 

E D*_ { D_ { - D* +l D +i = V 1,0 *V 1,0 - V ' 1 ^ ' 1 = R° p . (8.25) 

l<i<m 

In particular, if M is a Ricci-flat Kahler manifold, then 

E = £ D* +i D +i . (8.26) 

l<i<m l<i<m 

2. (in the case of degree 1) 

E w^DUD^ + w +l D* +l D +l = R l p . (8.27) 

l<i<m 

3. (in the case of degree q) 

0<P<<? ^ ' l<i<m 0<p<q 

+ E ( w ~i - rn) q D%D^. (8.28) 

l<i<m 

In particular, D^ i D_ i is expressed as a linear combination of {D^_jD + j}^L 1 
and{RX=o- 

Remark 8.1. It follows from the discussion in remark |5.1| that, if there are 2N 
Kahlerian gradients on S p , then at most N identities in (|8.28|) make sense. 
The identities with degree q > N reduces to the ones for < q < N — 1. We 
can also have 



E (!) (-™y- p H 



0<p<q 

=(-i)" +i e (E #»H)W-i+ E (™ + i-™yD* +i D, 

l<i<m 0<p<q l<i<m 

for any q. But, these identities reduce to ( |8.28[ ). 
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Proof. We have known the relations ( |5.13| ) for principal symbols of the Kahlerian 
gradients, namely, the Clifford homomorphisms. Then 



v 



p,k,l ^ ' 

- m) V,(Q) Vi(e»)V^ + £>-* - mfDUD-t 

k,l,i i 

£ (-l)%p(lf„(-5))< i p +i (e fc )*p +i (Q)Vj kA + J>_* - m)^VD_ 

k,l,i,p i 



We sometimes deal with a vector bundle S p ® where is a Hermitian 
holomorphic vector bundle on M with Hermitian connection V E . The Clif- 
ford homomorphisms and the Kahlerian gradients can be defined on S p ® E 
like the twisted Dirac operator. The Clifford homomorphisms on S p ® are 
given by 

® id : S p ® £ -> S p+W <g> £, p+<(X) ® id : S p ® £ -> S p _ Pi <8> £, 
and the operators are 

B-% := £(p +J (e fe ) ® id)(V e - & ® id + id ® Vfj, (8.29) 

it 

D^i := X)(p-i(e fc ) ® id)(V efc ® id + id ® Vfj. (8.30) 

it 

We call these operators the twisted Kahlerian gradients on twisted associated 
bundle. To provide the Bochner identities, we consider curvature endomor- 
phisms on S p <S> E depending on the curvature for E. We take the curvature 
Re of V s and define curvature endomorphisms d\ E by 

K ■= Kptfk) ® R e(^ *i) e T(End(S p ® £)). (8-31) 
In particular, depends on the mean curvature of V B , that is, 

^ = id®£^(e,,e fc ). (8.32) 
Then we have the Bochner identities for the twisted Kahlerian gradients. 



35 



Corollary 8.6. The twisted Kahlerian gradients and (D^)* satisfy 
E (p) (-™) q - p ( RP P + &e) 

0<P<q ^ ' 

= E ( E ^ P ( K ,-v(-c))w p +l ){D E +l YD E +i + E {w-i-mnD^YD^ 

l<i<m 0<p<q l<i<m 

(8.33) 

for any q in Z> . Here, R q := R q <S> id depends on the curvature for S p , and 
9i q E does on the curvature for E. 



9 Some applications 

Some applications are presented in this section, where we assume that M is 
a closed Kahler manifold. 



9.1 Holomorphic sections and anti-holomorphic sec- 
tions 

We discuss holomorphic structure on S p . Let GLc(M) be the principal 
bundle of holomorphic frames of Kahler manifold M whose structure group 
is GL(m,C). Since there is one-to-one correspondence between the complex 
representations of GL(m,C) and the unitary representations of U(m), the 
vector bundle S p associated to U(M) is also associated to GL C (M), 

S p = U(M) x p V p = GL C (M) x p V p . 

Thus, we know that the vector bundle S p has a holomorphic Hermitian struc- 
ture. A point to notice in holomorphic category is that we can not use a 
Hermitian frame, but a holomorphic frame. So the covariant derivative is 
expressed as 

V X 'V = E Va/a 2l ® dz\ V°'V = E v »/^^ ® 
and D±j is 

= E^-*(^ l ) v 9/^' = E p+i ^^) Va /^- 

The holomorphic and anti-holomorphic sections of S p are characterized as 

ker V 0,1 = {holomorphic sections of S p }, ^ 
ker V 1,0 = {anti-holomorphic sections of S p }. 
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Proposition 9.1. 1. The holomorphic (anti-holomorphic) sections ofS p 
on a closed Kdhler manifold is characterized as an intersection of ker- 
nels of the Kdhlerian gradients. 



(9.2) 



H°(M,S P ) = {holomorphic sections of S p } = O ker D +i 

l<i<m 

{anti-holomorphic sections ofS p } = ker D_i 

l<i<m 

Furthermore, a holomorphic section of S p satisfies 

I%(<i>) = Y t w q _ i D! i D-i<i>, (9.3) 

i 

and an anti-holomorphic section does 

R q p (<l>) = Yl w9 +i D *+i D ^- (9-4) 

i 

2. On a closed Ricci-flat Kdhler manifold, 

{holomorphic sections ofS p } 
={anti-holomorphic sections ofS p } (9-5) 
={parallel sections ofS p }. 

3. If the Ricci curvature is non-positive and negative at some point, and 
itp{ c i) = P l i s positive, then H°(M,S P ) = {0}. On the other hand, 
if the Ricci curvature is non-negative and positive at some point, and 
TTp(ci) = ^2 p % is negative, then H°(M,S P ) = {0}. 

Proof. The first and second assertions follow from the Bochner identities 



in theorem |8.5| . If we assume that the Ricci curvature is non-positive and 
negative at some point, and vr p (ci) = ^ p l is positive, then we show from 
KWj ) that R° s non-positive and negative at some point. For a holomorphic 



section of S p , we have 

< Vp^H 2 = / OR°0,0)cfe<O 
Jm 

So we know that is parallel. Since R° is negative at some point, is zero 
section. ■ 
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Example 9.1 (holomorphic vector fields). The holomorphic vector fields 
are holomorphic sections of T 1,0 (M) = S w , where /ii is (l,O m _i). So, if the 
Ricci curvature is non-positive and negative at some point, then H°(M, T 1,0 (M)) 
{0}. 



Example 9.2 (holomorphic differential forms). The holomorphic g-forms 
are holomorphic sections of A <?,0 (M) = S p , where p is (0 m _ g , (— So, if the 
Ricci curvature is non- negative and positive at some point, then H°(M, A q '°(M)) = 
H°(M, = H9>° = {0} for q > 1. 



Example 9.3 (holomorphic sections on CP m ). Let M be a closed Kahler 
manifold of constant holomorphic sectional curvature = r > 0, which can be 
identified with the complex projective space CP m (see | KN | ) . We take a 
non-zero holomorphic section <fi of S p . Then it is from fl9.3|) and (|8.16|) that 



r ^p[c q c x + c q+l )(p = ^2 w -i D -i D - 



Then we have 

D*_iD^i(j) = ^7_i(u;_j + 7Tp(ci))(j) = ^7_i(w_i + VV)0. 



Thus non-zero holomorphic sections of S p on CP" 1 are eigensections for 
D^D-i with eigenvalue r7_j(w_j + ^2 P*)/2 • 



9.2 The Bochner-Weitzenbock formula 

We discuss the (generalized) Bochner-Weitzenbock formula for the Kahlerian 
gradients. We know that there always exist S p+Atl and S p _ Mm in the decom- 
position S p (E)T 1,0 (M) = ^2 S p+Mi and S P ®T 0,1 (M) = S p - Pl . So we always 
have the operators 

D +1 : T(S P ) - T(S P+P1 ), (9.6) 

D_ m : r(s p ) - r(s p _ Pm ). (9.7) 

We call D + i the top operator and -D_ m the bottom operator. If we cancel the 
top and bottom operators from the Bochner identities with degree and 1, 
we have the Bochner-Weitzenbock formula and a vanishing theorem for the 
Kahlerian gradients. 
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Proposition 9.2. Let S p be the associated bundle with rank > 2. Then the 
Kahlerian gradients D ±i and D± { associated to p satisfy that 



V*V R\- W+1 ~ W ~ m Rl (9.1 

w +1 + w^ m p w +x + w__ m p 



If the curvature endomorphism 



j^i — r -i — R 

w +1 + w„ m p w +l + u?_ m p 
is non-negative and positive at some point, then 

p| kerD^n P| ke rJ D +J = {0}. 

l<i<m— 1 2<i<m 

We rewrite ( pT8|) with p — (p 1 , ■ ■ ■ , p m ) and have 

V 2(p'-,- + m - i)g E w , + 

jL^ pi _ p m 1 pi _ p m 

l<i<m-l F F 2<j<m K F 

= V *V + - T ^— i£ - ^— ^-itf. (9.9) 

pi _ pm P p l _ pm, P V / 

Since p 1 > ■ ■ ■ > p m , the left hand side on ( |9.8| ) gives a non- negative operator. 
When the rank of S p is 1, the representation (tt p , V p ) is a one-dimensional 
representation of U(m) whose highest weight is p = (k m ) for a k in Z. In 
this case, the above corollary is not valid because of p 1 = p m . So we have to 
assume that the rank of S p is more than 1 in the above proposition. 

We discuss the case that the highest weight p is (k m ) for fcGZ. We denote 
the canonical line bundle A m '°(M) of M by K, which is the associated bundle 
S( ( _i) m ). So the line bundle S( fcm ) is isomorphic to K~ k := (K*) k = (K) k . 
On this line bundle, we have two operators 

D_ m : T(K~ k ) -> r(A'-*®A 1 ' (M)), D +1 = d: T(K~ k ) -> r(lir-*®A ' 1 (M)). 
There are two identities for these operators, 

D*_ m D- m + D^D+i = V*V, D*_ m D_ m - D* +l D +1 = ^k. 

Because of D +1 = 3, it holds that 2d*d = V*V - kn/2. 
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9.3 The Dolbeault-Dirac operator 



On a Kahler manifold M, there is a natural spin-c structure and the spinor 
bundle ^A 0,P (M). From local calculations for spinors in section we can 
have some properties of the Dolbeault-Dirac operator on ^A°' P (M). 
On each vector bundle Sao.p = A 0,P (M), we have four operators, 



r(A°' p (M)) 
r(A°' p (M)) 
r(A°' p (M)) 
r(A°' p (M)) 



r(s A o, P _ Atm ), 

r(s A0 , P _^) = r(A°- p - 1 (M)), 
r(s A o, P+M1 ), 

r(s A o, P+ , p+1 ) = r(A^ +1 (M)). 



(9.10) 



Here, we know that 

y/m — p + lD-p = 
Vp + 1D +(p+1) 



-d* 



0. 



(9.11) 
(9.12) 



The first order differential operator y/2(B + 3*) on ^2 A°' P (M) is called the 
Dolbeault-Dirac operator. 

It is from the Bochner identities and ( 8.17 ) that 

D*_ m D_ m + D*_ p D_ p + D* +1 D +1 + D* +ip+1) D +(p+1) = V* V, 
D* m £L m + D*D p - D* +1 D +l - D* +(p+1) D +(p+1) = R%, p , (9.13) 



(p+i 

+(p+i)- d +(p+i) 



Then we have the Bochner-Weitzenbock formula 



2(m-p+ l)D*_ p D_ p + 2(p + l)L>; b+1)J D +(p+1) 
=V*V + R° A0 , P = 2(BB* +B*B). 

On the other hand, because of V 1 ' = d on A°' P (M), we have 

D_ m + LL P = 9. 

The following proposition is well-known in Kahler geometry. 



(9.14) 



(9.15) 



Proposition 9.3. 1. If the Ricci curvature of M is non-negative and pos- 
itive at some point, then 



dimH°' p = dimker d\\o, P n ker d* 



A°.p 







(9.16) 



forp = 1, 



m. 



40 



2. A harmonic (O,p)-form (f> satisfies 

d<j) = 0, V*V0 = R A o, P (p. (9.17) 



3. A holomorphic (O,p)-form 4> satisfies 

d*d(f) = 88* (j) = -R° A0 , P (j), (9.18) 
where we say that (ft is holomorphic if V 0, V = 0. 

4- If Ric > c > 0, then every eigenvalue of 2(88* + 8*8) on A 0,P (M) 
satisfies 

A > 2pc. (9.19) 

Proof. If the Ricci curvature Ric is non- negative and positive at some point, 
then R A o. P is non-negative and positive at some point. The equation (|9.16|) 
follows from the Bochner-Weitzenbock formula ( |9.14 ). The second and third 
claims follow from (|9.13|) . We shall prove the fourth claim. It follows from 
( |9.13| ) that, for a (0,p)-eigenform with eigenvalue A, 



A||0|| 2 =2(m -p+ 1) + 2(p + 1) \\D +(p+1) c 

>|| 2 + 2p||D +(p+1)( 



>2(m-p+l)\\D_ P 4>\\ 2 + 2p\\D, 



=2|| J D +1 0|| 2 + 2 / (i?° o , P 0,0) 

J M 

>2 [ (R%, v <P,4>)>2cp\\<P\\ 2 . 
We know that, if the equality sign holds on ( |9.19| ), then cf) is holomorphic. 



9.4 The Dirac operator 

We discuss the Dirac operator on a spin Kahler manifold. A Kahler manifold 
M has a spin structure if and only if there exists a holomorphic square root 
L := \/K of the canonical line bundle K = A m,0 (M). The spinor bundle on 
a spin Kahler manifold is S = ^A°>p(M) ® L = ^A°-p(M) <g> VK. It is 
well-known that there is an anti-linear bundle isomorphism 

j : A°' P (M) ®L9^j(^)G A°"(M) ®L = A°.p(M) ® Z (9.20) 

such that j is parallel, and commute or anti-commute with Clifford multipli- 
cations of real vectors, and j 2 = (-l) m ( m+1 )/ 2 (cf. [gg). 
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On this spinor bundle, we have four operators, 

D L _ m :V(A°*(M) ®L)^ r(S A o, P _ Mra ® L), 
D L _ p :T(A°*(M) ® L) -> r(A°^ 1 (M) ® L), 
:r(A°' p (M) ® L) - r(S A o, P+Ml <g> L), 
D L +(p+1) :T(A°' P (M) ® L) -> r(A°- p+1 (M) ® L). 

Here, we remark that, with respect to j, the operators -D^ m , -D+i, , and 
£>£ (p+1) on A°*(M) ® L correspond to D^, Df m , £>£ (w _ p+1) , and £>! (m _ p) 
on A°' m ~ p (M) ® L, respectively. 

Now, we calculate the curvature endomorphisms d\° L and SR^. The curva- 
ture of L is 

Ri^k^i) — R^/]^o(^k, q) = -R\ m ,o(e k ,ei) = — - s y^ j g(R T {e i , ej)e k , q). 
Then we have 

St?, = id ® ^ # L (e fc , e fc ) = id ® ^i? Am ,o = --«, 

— y^7TAQ,p(efe;) ® R L (t h t k ) = —~R\o,p = —^R°AO,p. 

It is from the Bochner identities that 

(D L m yD L m + {Dt p TD L _ p + (DJO*^! + (D L y +{p+1) D L +{p+1) = v* V, 
(R > -m)*R > -m + (D L _ p YD L p - {D L +1 )*D L +1 - {D L y Hp+1) D% {p+1) 

= R^A°*p = R^\o,p 

{m-p + l){D L _ p yD L _ p - (D L +i yD L +1 +p(D L Hp+1) rD L +{p+1) 

= r\o, p + = —R%, P . 

(9.22) 

The Bochner- Weitzenbock formula gives the Lichnerowicz formula for the 
Dirac operator D := V2(Bl + d* L ), 

2(m-p + l){D L _ p )*D L _ p + 2(p + l){D L +{p+l) Y D L +{p+l) 

1 - - - - , (9-23) 

=V*V + -k= 2(d L d* L + d* L d L ) = D 

on A°' P (M) ® L for any p. 

The Bochner identities are applied to the following proposition shown by 
K. D. Kirchberg in |K | . 
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Proposition 9.4 ( ||K4j l ) . 1. A holomorphic spinor cf) of A° ,P (M)®L sat- 
isfies that 

d L d* L <f> = ~i? A o, P 0. (9.24) 

2. If R%, P — k/4 is non-positive and negative at some point, there is no 
holomorphic spinor of A 0,P (M) (g) L. 

3. Let M be a closed spin Kahler-Einstein manifold. If k > and p < 
m/2, then there is no holomorphic spinor of A°' P (M) ® L. 

Proof. The first and second assertions easily follow from ( |9.22| ). We shall 
prove the third one. We have known that R^ , m = where k is constant 
on a spin Kahler-Einstein manifold. So we have 

R° u- — 7?° R° — f P W 

If k > andp < m/2, then R^ 0iP —k/A is negative and there is no holomorphic 
spinor. In the case that k > and p = m/2, we know that a holomorphic 
spinor is parallel spinor. Since the Ricci curvature is zero on a spin manifold 
with parallel spinor, we have a contradiction to k > 0. ■ 

We investigate the operators D L _ m and T)\ x - These operators are known 
as the Kahlerian twistor operators on M. It follows from ( |6.4j ) that 

v°<V 

= — e< • d L <f) ®6i+ H — e ( • d L <p) ® e { . 

p + 1 p + 1 

Similarly, we show from ( |6.5| ) that 



7l,0, 



■ v + 1 ^— ' ^— ' m — p + 1 / — ' 



m — p + 1 z — ' z — ' 1 m — p + 
Proposition 9.5. Let <fi be a spinor in r(A 0,p (M) <g> L). Then, 
<P e kerD^ <^=> V^0 + • <9 L = /or any X m r(T 1,Q (M)), 



e,-. 



(9.25) 

G ker D+, <(=^ V X <P + X ■ 8* L = for any X in r(T 1 '°(M)). 

m — p + 1 

(9.26) 
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The spinor (f> is called a (Kdhlerian) twistor spinor if (ft is in ker D^ m fl 
ker . 

In |[K1|| and [ K2| , K. D. Kirchberg has given an estimate for the eigenvalues 
of D 2 on a spin Kahler manifold. We shall give an another proof of the 
estimate by using our Bochner identities. It is from the Bochner identities 
( |9.22j ) on the spinor bundle that 

28ld L = (D± m yD± m + \K forp = 0, 



2d L d* L = (D l +1 YD l +1 + \k forp 



m, 



S5|±i2a L ai + jg§2fi£& = {D L _ m yD L _ m + (D^D^ + J« otherwise. 

(9.27) 

If we use only these equations, then we have the Friedrich's eigenvalue esti- 
mate of the Dirac operator, that is, A 2 > \ 2 m^i m ^ n ^ K (x). To more sharp 
estimate on a spin Kahler manifold, we need the Hodge-de Rham-Kodaira 
decomposition for L, 

r(A°' p (M) © L) = H°' P (L) © d L T(A°' p (M) © L) © d* L T(A°' p (M) © L). 

(9.28) 

This decomposition gives the following well-known fact. 

Lemma 9.6. Let A ^ be an eigenvalue of the Dirac operator D = a/2(<9l + 
d* L ) and E x be the eigenspace with eigenvalue A. Then there is a decomposi- 
tion E\ = J2™=o E\ such that any spinor ^ p in E\ is given by 

^ P = % + e r(A°' p (M) © L) © r(A°' p+1 (M) © l), 

i — / — - - (9.29) 

V2d L ip p = Xipp+i, V2d* L ip p+ i = Xipp, d* L tp p = 0, d L ip p+1 = 0. 

Proof. Let r] be an eigenspinor with eigenvalue A 7^ for the Dirac operator 
D. We decompose rj as 

m 

V = J2^ r /p er(A°' p (M)©L). 

Since D(\^ 2 Dr] p ) = r) p , we have 

V P = d L (pp, P -i + 8* L (p p , p+1 , 

where we set 

:= 2\- 2 d* LVp e r(A°^ 1 (M)©L), <P PiP+1 := 2X~ 2 8 lVp G r(A°-f +1 (M)©L) 
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and remark that <po,-i — (pm,m+i = 0. Since r\ = r\ p is the eigenspinor with 
eigenvalue A, it holds that 

\/2d L d* L (j) p ^ p + V2d* L B L (f) p+1:P = A(<9 L PiP _i + d* L <f)^ p+ i) 

for p = 0, • • • , m. We use the Hodge-de Rham-Kodaira decomposition on 
this equation and have 

V2d* L 3 L (f)p+i,p = \&l<f> P)P+1 , V2d L d* L (p PtP+1 = \d L (j) p+ i )P 

for p — 0, • - • , m. Define 

^ p := B* L (fi PiP+1 + B L (j) p+ltP for p = 0, • • • , m - 1, 

and each is an eigenspinor of the Dirac operator with eigenvalue A and 



Em— 1 , T . 
v=0 ^P- 



p=0 



By this lemma, we consider only the eigenspinor ty p = tp p + V'p+i satisfying 
the condition (|9.29|) . First, we apply the identity (|9.27|) to ip p and have 

2/ " 1 -A 2 ||V P ir = || J D^I| 2 + IP^I| 2 + 7 / {<x)^ p )dx 



2(p + l) " rp " ""-^ ~+^» 1 4 



1 /' ,._/_\.,. .,. \ , 'mi „ 2 



where k = min xgA / «(a;). So the eigenvalue A has a lower bound depending 
on the scalar curvature k, 

X 2 > 2 P + 2 K o 
~ 2p + 1 4 ' 

On the other hand, we apply the same identity ( |9.27| ) to i/j p +i and have 

2m-2(p+l) + l x2 „ 2 
2( m _( p+ i) + i) A H^ll 

= 11^^+1 1| 2 + p+^p+iH 2 + - / (K(x)^ P +i,^p+i)dx > -^||^p+i|| 2 . 

4 Jm 4 

Then the eigenvalue A has another lower bound, 

^ 2 > 2m - 2p k 
~ 2m-2p — l 4 ' 

Thus, the eigenspinor ^ p with nonzero eigenvalue A has a lower bound 

, n r 2» + 2 2m — 2p , 

A 2 > — max{ F , — }. 9.30 

~ 4 1 2p+l'2m-2p- 1 J v ; 
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Since this estimate holds for p — 0, • • • , m — 1, we conclude that non-zero 
eigenvalue A for the Dirac operator satisfies 

2 k . 2p + 2 2m -2p 

A > — mm max , k . 

- 4 o< P <m-i 2p + 1 2m- 2p- 1 J 

In the case that m is even, we have 

2 ^ k m 



y > 



4 m — 1 

Furthermore, we know that, if the equality sign holds on this inequality, then 
there exists a spinor ij) m /2-i i n r(A°' m / 2 ~ 1 (M) (g) L) such that 

e ker D L _ m n ker n ker <9£, (9.31) 

or a spinor m / 2 +i in r(A°' m/2+1 (M) <g> L) such that 

^ m/2+ i G ker D L _ m n ker n ker <9 L . (9.32) 

We show that, if a spinor ip m /2-i satisfying (|9.31|) , then j(VW2-i) is a spinor 
satisfying ( |9.32| ). 

In the case that m is odd, we have 

^ 2 > n m + l 
~ 4 m 

If the equality sign holds on this inequality, then there exists a spinor Vw/2-1/2 
in r(A ' m / 2 - 1 / 2 (M) ® L) such that 

^m/2-1/2 e ker -D L m fl ker D L +l n ker <9£, 

or a spinor ^ m/2+ i/2 in r(A°' m / 2+1 / 2 (M) ® L) such that 

VW2+1/2 G ker D -m n ker n ker B L . 

Proposition 9.7 ( |[Klj 1, |[K2|| ). Every eigenvalue of the Dirac operator on 
a closed spin Kahler manifold with positive scalar curvature satisfies 




for m —even, 

4 m— 1 J ' 

X 2 > a 22+1 form=odd, 



(9.33) 



where k = min x k(x). If the equality sign holds on the above inequality, then 
the scalar curvature is constant and there exists a twistor spinor ip such that 

V G r(A°' m / 2+1 (M) <g> L) for m = even, 
$ G r(A°' m / 2+1 / 2 (M) <g> L) for m =odd, " > 

and 

^ E ker Df m n ker D\ x n ker «9 L . (9.35) 



46 



Acknowledgements 



The author is partially supported by the Grant-in- Aid for Scientific Research 
(No. 13740120) from the Ministry of Education, Culture, Sports, Science and 
Technology. He also thanks Jun-ichi Okuda and Tatsuo Suzuki for discus- 
sions. 



References 

[Brl] T. Branson, Harmonic analysis in vector bundles associated to the 
rotation and spin groups, J. Funct. Anal. 106 (1992), 314-328. 

[Br2] T. Branson, Stein-Weiss operators and ellipticity, J. Funct. Anal. 151, 
(1997), 334-383. 

[Br3] T. Branson, Nonlinear phenomena in the spectral theory of geometric 
linear differential operators, Proc. Sympos. Pure. Math., 59, Amer. 
Math. Soc, Providence, RI, (1996), 27-65. 

[Br4] T. Branson, Second order conformal covariants, Proc. Amer. Math. 
Soc. 126, No. 4, (1998), 1031-1042. 

[BH1] T. Branson and O. Hijazi, Vanishing theorems and eigenvalue es- 
timates in Riemannian spin geometry, Internat. J. Math. 8, (1997), 
921-934. 

[BH2] T. Branson and O. Hijazi, Improved forms of some vanishing theorems 
in Riemannian spin geometry, Internat. J. Math., 11, (2000), 291-304. 

[Bu] J. Bures, The higher spin Dirac operators, in 'Differential geometry 
and applications', Masaryk Univ., Brno, (1999), 319-334. 

[CGH] D. Calderbank, P. Gauduchon, M. Herzlich, Refined Kato inequalities 
and conformal weights in Riemannian geometry, J. Funct. Anal. 173 
(2000) 214-255 

[Fe] H. D. Fegan, Conformally invariant first order differential operators, 
Quart. J. Math. Oxford, 27 (1976), 371-378. 

[HI] Y. Homma, The higher spin Dirac operator on 3- dimensional manifolds, 
Tokyo J. Math. 24 (2001), 579-596. 

[H2] Y. Homma, Clifford homomorphisms and higher spin Dirac operators, 
preprint. 



47 



[H3] Y. Homma, Spherical harmonic polynomials for higher bundles, in 'Int. 
Conf. on Clifford Analysis, Its Appl. and Related Topics. Beijing', Adv. 
Appl. Clifford Algebras 11 (S2) (2001), 117-126. 

[Ko] K. Koike, On representation of the classical groups, in 'Selected papers 
on harmonic analysis, groups, and invariants', Amer. Math. Soc. Transl. 
Ser. 2, 183, Amer. Math. Soc., Providence, RI, (1998), 79-100. 

[Kl] K. D. Kirchberg, An estimation for the first eigenvalues of the Dirac 
operator on closed Kahler manifolds of positive scalar curvature, Ann. 
Global Anal. Geom. 4 (1986), 291-325. 

[K2] K. D. Kirchberg, The first eigenvalue of the Dirac operator on Kahler 
manifolds, J. Geom. Phys. 7 (1990), 446-468. 

[K3] K. D. Kirchberg, Properties of Kdhlerian twistor-spinors and vanishing 
theorem, Math. Ann. 293 (1992), 349-369. 

[K4] K. D. Kirchberg, Holomorphic spinors and the Dirac equation, Ann. 
Global Anal. Geom. 17 (1999), 97-111. 

[KN] S. Kobayashi and K. Nomizu, Foundations of differential geometry I, II, 
Interscience, John Wiley, New York, 1963, 1969. 

[L] A. Lichnerowicz, First eigenvalues of the Dirac operator for a Kahler 
manifold of even complex dimension: The Limiting case, Lett. Math. 
Phys. 46, (1998), 71-80. 

[LM] H. B. Lawson and M. L. Michelsohn, Spin geometry, Princeton Math- 
ematical Series, 38. Princeton University Press, Princeton, NJ, 1989. 

[M] M. L. Michelsohn, Clifford and spinor cohomology of Kahler manifolds, 
Amer. J. Math. 102, (1986) 1083-1146. 

[MS] J. W. Milnor and J. D. Stasheff, Characteristic classes, Annals of 
Mathematics Studies, 76. Princeton University Press, Princeton, NJ, 
1974. 

[SW] E. M. Stein and G. Weiss, Generalization of the Cauchy-Riemann 
equations and representation of the rotation group, Amer. J. Math. 90, 
(1968), 163-196. 

[Z] D. P. Zelobenko, Compact Lie groups and their representations, Trans. 
Math. Monographs, vol 40, A.M.S. 1973. 



48 



